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Abstract- Bifurcations of subsynchronous resonance (SSR) is applied to wind farms which depends on induction generators 

(IG). Series compensated transmission lines are connected to these wind farms. The developed IEEE second benchmark model 

(first system) of SSR is assumed. The system studied is presented as a set of equations. The type of these equations are 

nonlinear ordinary differential equations from the first order level. The compensation factor is applied as a control parameter. 

Therefore, bifurcation theory can be used in the considered nonlinear system. The impress of both torsional interaction and 

induction generator effect are considered. Bifurcations of SSR are studied for an enormous range of series compensation 

values in the cases of various sizes of wind farms and various wind farm power outputs. The results show that Hopf 

bifurcations may occur in large wind farms which consists of double-cage IGs at high value of compensation. Once the wind 

farm size is increased, the Hopf bifurcation point initially shifts to the left at a less value of compensation then shifts to the 

right at a larger value of compensation with a supercritical Hopf bifurcation remains in all cases. This resulted in only 

quantitative changes in Hopf bifurcation for the case of changing the wind farm size. Additionally, when the a large wind farm 

power output increases the Hopf bifurcation point shifts a little to the left at a slightly less value of compensation. On the 

contrary, the type of Hopf bifurcation changes from subcritical to supercritical. Therefore, the influence of the variation in the 

wind farm size on bifurcation is only of a quantitative change, while the impact of variation in the power output is mainly a 

qualitative change. 

 

Keywords- Hopf Bifurcation, Wind Turbine, Induction Generator, Subsynchronous Resonance. 

 

1.  Introduction 

One of the major concerns in the field of energy is 

possible energy shortage and an environmental pollution. For 

these reasons, utilization of wind energy to generate 

electricity is rapidly growing and has attracted significant 

attention worldwide. Wind power technology is spreading 

quickly in renewable energy generation systems [1] - [7]. 

Therefore, with the rapid growth of wind farm installed 

capacity, the large wind turbine generators (WTGs) are 

widely utilized into power system networks. In the recent 

years, the wind energy industry is considered as the most 

significant section of renewable energy industries, in which 

design developments and improved technology have made 

the wind energy in rapidly increasing levels of their 

penetration. Examples of such recent advancements include: 

increase in wind turbines size while decreasing their cost and 

improvement of the controllability of the wind power plants. 

Furthermore, the progress in power electronics field 

introduced wind energy as a significant and achievable 

source in renewable energy sector [8] - [12].  

The mechanical drive train system, in a commercially 

operated wind farms, transmits the rotor torque and feeds it 

to the electrical generator. Among several renewable energy 

sources as aforementioned, wind power is the fastest 

developing one. Consequently, providing high-performance, 

reliable, and efficient wind power generation is a practical 

and important concern in the power industry. 

Series capacitive compensation is an efficient method to 

enhance the power system stability and power transfer ability 

mainly when large values of power is transmitted through 
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long transmission lines. An effective technique to increase 

the power transfer ability and improve the system stability is 

the series capacitive compensation. However, this 

compensation can result a major problem named 

subsynchronous resonance (SSR) in power system networks 

[13]-[15]. In SSR, oscillating torsional torques is produced 

by the interaction of the mechanical oscillation modes of the 

turbine-generator set with the electrical oscillation modes of 

the series compensated transmission lines [16]. 

The incidence of different categories of bifurcation in 

power system networks has been verified. Hopf bifurcation is 

the most frequently type of bifurcation in these networks 

which takes place once a complex conjugate pair of 

eigenvalue of the linearized system about the equilibrium 

condition transversely crosses the imaginary axis of complex 

plane [17]. The occurrence of limited cycles from a fixed 

point leads to oscillations, which possibly go through 

complicated situation of bifurcations such as crises, cyclic 

folds, or period multiplication. 

Pourbeik et. al. [18] studied both doubly fed induction 

generator (DFIG) in addition to conventional induction 

generator (IG) based wind farms. For the first time, they 

investigated the interaction of wind farm including series 

compensated transmission line. Induction generator effect 

was verified in the case of adding the series capacitor 

depending on the simulation studies with squirrel cage IG-

based wind farms. Ostadi et. al. [19] introduced a model of 

wind farm depends on DFIG which linked with a series 

compensated line. They presented a time-domain simulations 

and small signal analysis. Furthermore, they studied the 

effect of a control parameters and series capacitor on the 

SSR power system. Additional research on SSR in wind 

farms including DFIG was presented. A complete model of 

this system has been described [20]-[27]. The authors 

introduced a time-history simulation and a small signal 

analysis to study the SSR conditions.  

In this paper, power system dynamics is applied 

employing a nonlinear dynamics technique, which utilizes 

the bifurcation theory to examine the complex dynamics of 

the studied power system [28]. The power system changes 

the stability through Hopf bifurcation point and then a limit 

cycle is born near this point. This bifurcation is classified as 

supercritical when the limit cycle is stable and subcritical 

when it is unstable. The Hopf bifurcation type can be 

obtained using numerical integration of the model after 

applying small value of initial disturbances slightly after and 

before the HB point. In this research, the effect of the wind 

power output, size of wind farm, and value of series 

compensation on bifurcation have been studied. 

The rest of this study is planned in the following order: 

section 2 shows the description of the combined electrical 

and mechanical system under investigation. In section 3, the 

complete dynamical nonlinear mathematical model is stated. 

The numerical simulations accompanied with discussions 

and results are summarized, in section 4. Finally, conclusions 

are condensed in section 5. 

2.  System Description 

The modified IEEE second benchmark model (first 

system) of SSR is considered [29], shown in Figure 1. The 

power system is a large squirrel cage induction generator 

considered wind farms linked with series compensated lines. 

Figure 2 shows a standard two-mass drive train system [30]-

[32]. The two masses are one for the combined mass of hub 

and three blades in addition to the second mass for the 

generator rotor. 

 

 

 

Fig. 1. Electrical system (modified version of first system of the IEEE second benchmark model of SSR) 

 



MODELING AND SIMULATION FOR BIFURCATIONS OF SSR IN LARGE WIND FARMS 
 

1176 
 

 

Fig. 2. Two-mass drive train system 

 

Where D is the damping coefficient, H is the inertia 

constant, K is the Shaft stiffness, Tg is the electromagnetic 

torque output of generator, and TW is the mechanical 

torque input to wind turbine. 

3.  Mathematical Model 

To start with modeling, the system under study is 

separated into two subsystems; wind farm and 

compensated transmission line. The wind farm is 

subdivided further into two subsystems; electrical 

generator and mechanical drive train. In fact, the electrical 

system consist of the dynamical nonlinear mathematical 

description of a double-cage induction generator and the 

transmission line [31], [32]. Therefore, the dynamic 

models of mechanical drive train, double-cage induction 

generator and the network equations will be presented.  

The generator model considered for this system 

includes six equations; d-q coordinates of stator current, d-

q components of first-cage induced rotor voltages, and d-q 

coordinates of second-cage induced rotor voltages 

equations. In mechanical system, each mass can be 

described as a second order ordinary differential equation. 

This equation is also called swing equation which can be 

rewritten as two equations with first order ordinary 

differential type. Therefore, the full mathematical system 

that depicts the dynamics of the system is described as 

follows (all parameters are defined in Appendix A) [29]: 

3.1 The two-mass drive train system:  

In the two-mass system, first mass indicates the 

combined mass of hub and three blades while the second 

mass indicates the generator rotor linked with the shaft. 

This subsystem can be modeled as: 

    (1) 

     (2) 

 

 

 

 (3) 

3.2 Induction generator equations:  

The wind farm considered in this study consists of 300 

identical double cage induction generators (IGs). All 

generators are subjected to the same wind speed and have 

the same size (2 MW) totaling to an equivalent single 600 

MW induction generator [33]. A per unit system of an IG 

in the synchronously rotating d-q coordinates is presented. 

Consequently, the dynamic equations of the IG can be 

modeled as follows: 

 

 

 

(4) 

     

 

 

 (5) 

 

 

  (6) 

 

 

  (7) 

 

   (8) 

 

   (9) 

 

3.3 Transmission lines (network) equations: 

In this subsystem, the ac transmission lines are 

modified from the IEEE second benchmark model (first 

system) of SSR [29]. The dynamic equations of the 

transmission lines including the series capacitor in d-q 

coordinates can be described as: 



INTERNATIONAL JOURNAL of RENEWABLE ENERGY RESEARCH  
M.M.Alomari et al., Vol.7, No.3, 2017 
 

1177 
 
 

   (10) 

   (11) 

  (12) 

  (13) 

 (14) 

 (15) 

  (16) 

  (17) 

  (18) 

  (19) 

  (20) 

  (21) 

  (22) 

  (23) 

    (24) 

    (25) 

As a result, aforementioned model can be written as a 

set of nonlinear first order ordinary differential equations. 

The control parameter for these equations is the 

compensation factor (μ=XC/ XL). Consequently, bifurcation 

theory will be used to nonlinear model that can be 

described in the following form: 

   (26) 

where X is a state variables vector, X1, X2, …, Xn, n is an 

integer number, U is the input vector, F is the field vector 

and µ is the system bifurcation parameter which is in this 

study is the transmission line compensation degree.  

The following are the state variables of the considered 

power system:  ,  ,   ,   ,  

 ,   ,   ,   ,   ,  

 ,   ,   ,   ,  ,   

 ,   ,   ,   ,  

 ,   ,   ,   , 

 ,  ,  , and the inputs are: 

, , . 

Equations (1)-(25) show a full description to the 

dynamics of the system. The fixed point (equilibrium 

solution) can be calculated by placing zero to the 

derivatives of the state variables of the considered system. 

The system steady state stability can be determined by 

inspection of the Jacobian matrix eigenvalues of the 

equations calculated at the equilibrium point. System 

eigenvalues are calculated for a broad range of series 

compensation degrees in the cases of different levels of 

wind farm sizes and different levels of wind farm power 

output using MATLAB software R2016b. 

As the bifurcation parameter varies, up to a critical 

value of compensation (Hopf bifurcation point), the 

system will loss stability. Consequently, the system 

oscillates subsynchronously and a small limit cycle 

attractor is born at HB point. The type of this point is 

obtained by numerical integration of the system after 

applying small value of initial disturbances, slightly after 

and before the bifurcation point. 

4. Numerical Simulations and Results 

In this part, numerical simulation results depend on 

the full nonlinear dynamical mathematical model are 

obtained. The dynamics of the considered model are 

described by Equations (1)-(25). The equilibrium solutions 

(operating points) at any value of compensation factor (μ) 

are given by placing zero to the derivatives of the 25 state 

variables in the system. Then by testing of the Jacobian 

matrix eigenvalues evaluated at the equilibrium point, the 

stability of the operating solution is obtained. Bifurcations 

of SSR are examined for different levels of series 

compensation and various wind farm outputs. The 

compensation level (μ=XC/XL) is varied between zero to 1; 

whereas, the wind farm power outputs is taking the 

values from 100 MW to 600 MW. 

The model eigenvalues are calculated for a broad 

range of compensation degrees in the cases of different 

levels of wind farm sizes and different values of wind farm 

output using the MATLAB software. In this study, there is 

one real eigenvalue and 24 complex conjugate 

eigenvalues. The real eigenvalue is always negative and 

indicates the field windings of the IG (monotonic mode). 

The 24 complex conjugate eigenvalues create 12 

oscillatory modes. At this stage, only selected modes will 

be taken into consideration, which are monotonic mode, 

supersynchronous electrical mode, subsynchronous 

electrical mode, electro-mechanical modes (for first rotor 

and second rotor) and trosional modes. More specifically, 

the focus in this research is on the subsynchronous 

electrical mode and when this mode interacts with the 

torsional modes. When these interactions happen, the 

torsional modes may become self-excited and this is a 
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worrisome problem. This problem end with fatigue and 

finally damage to the rotor, despite it has small amplitudes. 

Some interactions may not be strong enough to change the 

system to instability. In contrary interactions, they are 

strong enough to transfer the real parts of the eigenvalues 

from left- to the right- half of the complex plane, for which 

a Hopf bifurcation take places. 

4.1 Variation Based on Wind Farm Size 

The case of different sizes of wind farms (100 MW to 

600 MW rated wind farms) with an enormous range of 

series compensation values is investigated. The 

equilibrium point stability is determined by inspection the 

eigenvalues of the linearized system. For the case of 300 

MW rating size of wind farm, the outcomes indicate that 

the equilibrium point loses stability at μ=HB=0.8865. 

Figure 3 indicates the equilibrium point stability regions in 

δg–μ plane. The considered system has stable equilibrium 

point in the range 0<μ<HB=0.8865, unstable equilibrium 

point in the range HB=0.8865<μ≤1 and supercritical Hopf 

bifurcation point at μ=HB=0.8865. Consequently, a stable 

limit cycle with small-amplitude is born at HB point. 

Figure 4 presents the time history of the system after 

applying 1% initial disturbance on the Electromagnetic 

torque output of generator at μ=0.8750, which is less than 

HB resulted in a stable system. On the other hand, Fig. 5 

indicates the system time history with 1% initial 

disturbance in the electromagnetic torque output of 

generator at μ=0.8970, which is greater than HB. Here, the 

system transfers to a periodic solution resulting in 

oscillations with a supercritical Hopf bifurcation. 

Therefore, a stable periodic solution is emanated at the 

bifurcation point. 

For the case of 600 MW rating size of wind farm, the 

outcome confirms that the equilibrium point loses stability 

at μ=HB=0.9215. Figure 6 shows the equilibrium point 

stability regions in   δg–μ plane. Here, the system has 

stable equilibrium point in the range 0<μ<HB=0.9215, 

unstable equilibrium point in the range HB=0.9215<μ≤1 

and a supercritical Hopf bifurcation point at 

μ=HB=0.9215. Thus, a limit cycle is located at μ=HB. 

 

 

 

 

 

 

Fig. 3. Bifurcation diagram presenting variation of the Electromagnetic torque output of generator δg  

with the compensation factor μ (for the case of 300 MW rating size of wind farm). 
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Fig. 4. Electromagnetic torque output of generator δg at μ=0.8750 (for 300 MW rating size of wind farm). 

 

 

 

 

 

 
Fig. 5. Electromagnetic torque output of generator δg at μ=0.8970 (for 300 MW rating size of wind farm). 

 

 

 

 

 

 

 

 

Fig. 6. Bifurcation diagram presenting variation of the Electromagnetic torque output of generator δg with the compensation 

factor μ (for 600 MW rating size of wind farm). 
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Table 1 shows the type and level of the Hopf bifurcation 

points for various sizes of wind farm. The Hopf bifurcation 

point firstly shifts to the left at a less value of compensation 

(for the cases of 100, 200 and 300 MW rating), then shifts to 

the right at a larger value of compensation (for the cases of 

400, 500 and 600 MW rating). For all cases, the type of Hopf 

bifurcation does not change and sets as supercritical and a 

limit cycle is located at μ=HB. Therefore, the results show 

that the variation of Hopf bifurcation caused by varying the 

size of wind farm is fundamentally a quantitative change. 

Table 1. Type and level of the Hopf bifurcation points for 

various sizes of wind farm. 

Size of wind 

farm 

(MW rating) 

Hopf bifurcation 

point (HB = µc) 

Type of the Hopf 

bifurcation 

100 0.9305 supercritical 

200 0.9135 supercritical 

300 0.8865 supercritical 

400 0.8985 supercritical 

500 0.9060 supercritical 

600 0.9215 supercritical 

 

4.2 Variation based on Wind Farm Output 

A large wind farm of 600 MW with an enormous range 

of series compensation values is considered for this analysis 

whose output power is variable. The wind farm produces 

variable output power because of the variation based on wind 

speed. For the case of 300 MW power output of 600 MW, 

the equilibrium point stability range in the δg–μ plane 

including HB point are shown in Fig. 7. It can be observed 

that there are stable equilibrium point to the left of 

HB=0.9320 and unstable equilibrium point to the right of 

HB=0.9320. The equilibrium point loses stability at a Hopf 

bifurcation point. A couple of complex conjugate 

eigenvalues moves in this situation from the left half 

complex plane to the right half one. 

Figure 8 indicates the time history of the system after 

applying 1% initial disturbance on the Electromagnetic 

torque output of generator at μ=0.9450 which is greater than 

HB leading to unstable system. The time history of the 

system is obtained by numerical integration after applying 

small disturbance before the HB to examine if the limit 

cycles that created resultantly of the HB are stable or 

unstable. Figure 9 indicates the time history of the system 

after applying 1% initial disturbance on the Electromagnetic 

torque output of generator at μ=0.9240, which is less than 

HB, also leading to an unstable system. Consequently, 

subcritical Hopf bifurcation is located. Hence, an unstable 

periodic solution is emanated at this point. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7. Bifurcation diagram presenting variation of the Electromagnetic torque output of generator δg  

with the compensation factor μ (for 300 MW power output of 600 MW). 
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Fig. 8. Electromagnetic torque output of generator δg with the compensation factor μ 

(for 300 MW rating size of wind farm and at μ=0.9450). 

 

 

 

 

 

 

 

 

Fig. 9. Electromagnetic torque output of generator δg with the compensation factor μ 

(for 300 MW rating size of wind farm and at μ=0.9240). 
 

 

 

 

 

 

 

 

 

 

Fig. 10. Bifurcation diagram presenting variation of the Electromagnetic torque output of generator δg  

with the compensation factor μ (for 500 MW power output of 600 MW). 
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For the case of 500 MW power output of 600 MW, 

the equilibrium point stability range in the δg–μ plane 

including a HB point are presented in Fig. 10. It can be 

noticed that a stable equilibrium point is located to the left 

of HB=0.9255 and an unstable equilibrium point to the 

right of HB=0.9255. The equilibrium point loses stability 

at HB. A couple of complex conjugate eigenvalues moves 

in this case from left half complex plane to right one for 

which the Hopf bifurcation point changes to supercritical. 

Table 2 shows the type and level of the Hopf 

bifurcation points for various wind farm power outputs. 

Here, the Hopf bifurcation point shifts a little to the left at 

a slightly less value of compensation when a large wind 

farm power output increases. The type of Hopf bifurcation 

changes from subcritical to supercritical. Therefore, it can 

be concluded that the conversion of Hopf bifurcation 

created by varying the output power is basically qualitative 

with some quantitative modification. 

 

Table 2. Type and level of the Hopf bifurcation points for 

various wind farm power outputs  

Power output in 

MW of a 600 MW 

Hopf bifurcation 

point (HB = µc) 

Type of the Hopf 

bifurcation 

100 0.9375 subcritical 

200 0.9345 subcritical 

300 0.9320 subcritical 

400 0.9295 supercritical 

500 0.9255 supercritical 

600 0.9215 supercritical 

 

5. Conclusion 

In this study, bifurcations of subsynchronous 

resonance in power systems containing induction 

generator have been discussed. The system consisting of 

wind farms liked with series compensated lines. The 

consequence of series compensation levels, wind power 

output, and size of wind farm on bifurcation has been 

investigated. For the cases of fixed sizes of wind turbine 

and fixed power output and when the level of 

compensation system increase, the system loses stability at 

a HB point. This is because the system tends to become 

less stable when the compensation value is increased. As 

the size of wind farm increase, the Hopf bifurcation point 

crosses to the left first at a less value of compensation then 

it moves to the right at a larger value of compensation. 

This is due to the fact that when the size of the wind farm 

is increased at a fixed compensation value, initially the 

electrical mode tends to be less stable but later becomes 

more stable. The type of Hopf bifurcation is supercritical 

in all cases. For large 600 MW wind farm, the impact of 

variation of the power output on bifurcation is mainly 

qualitative change. As the wind farm power output 

increases, the Hopf bifurcation point will move a little to 

the left at a slightly less value of compensation. This is 

because the effect of power output on the stability of 

electrical mode is found to be quite negligible. In this case, 

the type of Hopf bifurcation alternates from subcritical to 

supercritical type. 

It can be concluded that the level of bifurcations 

affected by the wind farm size whereas the type of 

bifurcations depends on the wind farm power output. 

Consequently, the influence of changing the wind farm 

size on bifurcation is only a quantitative change, whereas 

the effect of variation in the power output is principally a 

qualitative change. The stable region for a large wind farm 

generating a smaller power output is more stable than 

smaller wind farm generating same output power. This 

means 200 MW power output of a 600MW wind farm is 

more stable than 200 MW rating of wind farm. As a future 

work, Flexible AC Transmission System (FACTS) 

controllers may be utilized to control bifurcations of 

nonlinear dynamical systems. FACTS controllers has 

several advantages for a power system such as damping 

power oscillations, decreasing subsynchronous resonance, 

and controlling power flow in the line. 
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Appendix A 

Physical clarifications for the parameters of the system are 

presented in this appendix. The parameters are classified 

as follows: 

1) Two-mass Drive Train System parameters: 

: Wind turbine angular speed (rad/s). 

: Torsional angle between generator and wind turbine 

(rad). 

: Generator angular speed (rad/s). 

 : Wind turbine mechanical torque input to (pu). 

 : Generator electromagnetic torque output (pu), 

 where :  

 : Wind turbine damping coefficient (pu). 

 : Generator damping coefficient of (pu). 

: Generator Inertia constant.  

: Wind turbine inertia constant.  

: Shaft stiffness between generator and wind turbine.  

: Damping coefficient between generator and wind 

turbine.  

 

2) Induction generator parameters: 

 : d-q components of stator current of double-cage 

induction generator. 

 : d-q components of voltage at the generator 

terminal. 

 : d-q components of induced rotor voltages 

across first-cage of double-cage IG. 

: d-q components of induced rotor voltages across 

second-cage of double-cage IG. 

: Mutual reactance between the rotor and stator 

windings. 

: Per phase first-cage rotor leakage reactance. 

: Per phase second-cage rotor leakage reactance. 

: Per phase first-cage rotor resistance. 

: Per phase second-cage rotor resistance. 

 : Per phase stator resistance.  

 : Per phase stator leakage reactance. 

3) Transmission lines (network) parameters: 

: d-q components of wind turbine terminal 

voltage (pu). 

: d-q components of current from wind farm to bus 

(pu). 

 : d-q components of first transmission line current 

(pu). 

 : d-q components of second transmission line 

current (pu). 

: d-q components voltage at bus-m (pu). 

: d-q components voltage at bus-n (pu). 

: d-q components current from bus-n to infinite 

bus (pu). 

: Series capacitor d-q components voltage (pu). 

: Infinite bus d-q components voltage (pu). 

: Generator Inertia constant.  

: Wind turbine Inertia constant. 

: Shaft stiffness between generator and wind turbine. 

: Damping coefficient between generator and wind 

turbine.  

 : The capacitor for power factor correction at generator 

terminal of wind turbine. 

 : Transformer winding resistance. 

 : Leakage inductance of transformer winding. 



INTERNATIONAL JOURNAL of RENEWABLE ENERGY RESEARCH  
M.M.Alomari et al., Vol.7, No.3, 2017 
 

1185 
 
 

 : Resistance of AC transmission line-1. 

: Inductance of AC transmission line-1. 

 : Resistance of AC transmission line-2. 

 : Inductance of AC transmission line-2. 

 : Fictitious shunt capacitance at bus-m. 

 : Fictitious shunt capacitance at bus-n. 

 : Resistance of infinite bus. 

: Inductance of infinite bus. 

 : The reactance of the series capacitor (pu). 

 : Transmission line-1 reactance (pu). 

 : The nominal frequency of the power system (Hz). 

: The frequency of induction generator rotor (Hz). 

 : Synchronous angular frequency (rad/s). 

 : Induction generator angular frequency (rad/s). 

 : Slip of induction generator. 

 : Series compensation level. 

 

Appendix B 

Numerical values of the system parameters are as follows: 

1) Two-mass Drive Train System parameters: 

 = 4 s ,  = 0.75 s ,   

 = 0.2 pu/el.rad ,   = 1.5 pu. 

2) Induction generator parameters: 

 = 3.8892 pu ,   = 0.00506 pu ,   

 = 0.072175 pu ,   = 0.21172 pu , 

 = 0.01923 pu ,   = 0.01199 pu ,   

 = 0.00506 pu ,   = 0.13176 pu . 

 

Where: 

 ,   ,   

 ,   , 

 ,   . 

3) Transmission lines (network) parameters: 

 = 2.3 MW ,   = 690 V ,               

 = 60 Hz ,    =  F , 

 = 0.0002 pu ,   = pu ,    

 = 0.0074 pu ,   = pu , 

 = 0.0067 pu ,    = pu ,    

 =  F , =  F, 

 = 0.0014 pu ,    =  pu . 

where: 

 ,   ,   

  ,   , 

 ,    ,   

 

 

 

 

 


